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ABSTRACT 

Thermodynamics of five- dimensional Schwarzschild Anti-de Sitter (SAdS) 
and SdS black holes in the particular model of higher derivative gravity is 
considered. The free energy, mass (thermodynamical energy) and entropy 
are evaluated. There exists the parameters region where BH entropy is zero 
or negative. The arguments are given that corresponding BH solutions are 
not stable. We also present the FRW-equations of motion of time (space)- 
like branes in SAdS or SdS BH background. The properties of dual CFT are 
discussed and it is shown that it has zero Casimir energy when BH entropy 
(effective gravitational constant) is zero. The Cardy-Verlinde formula for 
CFT dual to SAdS or SdS BH is found in the universal form. 
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1 Introduction 



AdS/CFT correspondence and proposed dS/CFT correspondence [| 
£|] (for recent study see refs. f5], [|, 0, § and references therein) provided quite 
deep motivation to study AdS and dS black hole thermodynamical properties, 
respectively. The additional related motivation comes from the brane-world 
approach. It is quite well-known that five- dimensional AdS Einstein gravity 
gives the description of dual four- dimensional CFT in the leading order of 
large N approximation. Higher derivative gravity is natural framework to 
investigate the non-perturbative properties of dual CFT in next-to-leading 
order. The study of AdS and dS black holes in five- dimensional classical 
higher derivative gravity || demonstrated the possibility of negative entropy 
black holes ||. This is quite unusual situation which is not typical in Einstein 
gravity. It is caused mainly by consideration of the higher derivative terms 
coefficients on the equal footing with gravitational constant. 

From the thermodynamical point of view the objects with negative en- 
tropy are not physical ones and they should not occur. Hence, it is expected 
that there should be some mechanism to suppress the appearence of such 
objects. Currently, one can provide the following points of view to resolve 
this problem. 

1. Superstring/M-theory compactifications should predict the physical val- 
ues of the higher derivative terms coefficients in the gravitational action. 
Presumably, the corresponding values are such that region of parameters ad- 
mitting negative entropy black holes is never realized in physical world. This 
point of view was suggested in ref. ||. However, so far there is no explicit 
realization of realistic compactified theory. 

2. Quantum higher derivative gravity which is renormalizable in four dimen- 
sions (for review, see is famous due to non-unitarity problem. This may 
indicate that higher derivative terms should be accounted only at microscopic 
QG scale. In other words, strange classical effects of higher derivative gravity 
should be suppressed quantum mechanically. 

3. The negative entropy black holes may indicate to the breaking of some 
physical picture. For example, the appearence of such objects may indicate 
to the possibility of some new sort of phase transition (say, between de Sitter 
and Anti-de Sitter black holes ||). If so, some manifestation of such phase 
transition should be seen in dual CFT description. Moreover, negative en- 
tropy black hole solutions should not be stable. Finally, the resolution may 
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lie in the combination of above points. 

The purpose of this work is to study the thermodynamics (entropy, free 
energy, mass) of five-dimensional AdS and dS black holes in sufficiently simple 
model of higher derivative gravity. Nevertheless, such model admits the 
realization of negative entropy black holes. We explicitly show that negative 
entropy black holes are not stable. The FRW equations of motion of time 
(space)-like branes in SAdS or SdS black holes are considered. The study of 
dual CFT shows that when BH entropy is zero, the brane CFT energy is also 
zero. The Cardy-Verlinde formula for (A)dS BHs is presented.. 



2 (Anti)-de Sitter Black Hole thermodynam- 
ics 

In attempt to understand the thermodynamics of (A)dS BHs let us first 
present the short review of such objects in Einstein gravity. The 5- 
dimensional Einstein gravity action is given by, 

S = f<?xV=g{± i R-\} ■ (1) 

When A is negative, the Schwarzschild anti-de Sitter (SAdS) spacetime is a 
solution of the Einstein equation: 



Einstein = + + T%dx^ , ^ = £ - ^ + . (2) 



2 r ' 2 ^AdS 

Here is the metric of the 3-dimensional Einstein manifold, where the Ricci 
curvature satisfies the relation R^ = kgij. The case of k — 2 corresponds 
to the unit sphere, k = — 2 to the unit hyperboloid and, as a special case, 
k = to the flat space. The length parameter Ia<is is 

^AdS = ^2 ' ^ 

On the other hand, when A is positive, the Schwarzschild- de Sitter (SdS) 
spacetime is a solution: 

Einstein = + e^df* + , = 1 - - £ . (4) 

r MS 
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Here d£l\ is the metric of the unit 3- dimensional sphere. The length param- 
eter is given by 

k 2 A 



I 2 - 

MS ~~ 

There is a black hole horizon at 



-J 2 



12 



' — 'AdS-bh — 

for the SAdS spacetime and 



-f^AdS + \/ l\dS (l) + ^Adsl 



2 

AdS 



r. 



I 2 - 

dS 



^dS 



4^ds^ds 



dS-bh 



(5) 



(6) 



(7) 



for the SdS spacetime. For the Schwarzschild-dS spacetime there is also 
cosmological horizon at 



r = 

csm 



2 _ l ls + y l ds ~ 4/Was 



(8) 



Then the corresponding Hawking temperatures are given by 



^AdS- 



k 



bh 



4irr 



+ 



AdS-bh 



r AdS-BH 
7ri AdS 



for the SAdS spacetime and 



T, 



dS— bh,csm 



/^dS 



?"dS— bh.csm 



^^dS-bh.csm 



2nl 2 s 



\Ads ~ 4/Wds 

^^^dS^dS-bh.csm 



(9) 



(10) 



for the SdS spacetime. In [12|], the mass M of the black hole has been 
evaluated by using the surface counterterms method. One can regard the 
mass as the thermodynamical energy. Then 



E 



AdS 



16/t 2 



k 2 + 



16/i 



AdS 



I 2 

L AdS 



(11) 



for the SAdS spacetime. Here V3 is a volume of 3d surface with unit radius. 
When the surface is 3d sphere one has k = 2 and V3 = 27r 2 . On the other 
hand, for the SdS spacetime, one obtains 

37T 2 /^ S 67T 2 ^ dS 



E 



2k 2 



(12) 



which corresponds to k = 2 and V3 = 27r 2 case. The parts independent 
of /XAdS,ds in ( PI) and ( |l"2"D could be regarded as the Casimir energy of the 



OAdS = / 77; = = h6 . (Id) 

-I AHS-Mi /C 



bulk spacetime. Using the thermodynamical relation dS = we find the 
entropy 

dE 4V r 3 vrri dS _ bh 

c AdS 

AdS-bh 

for the SAdS spacetime. Here S^ dS is a constant of the integration. If 
one requires that the entropy should vanish for the pure AdS with /^Ads = 
r Ads-bh = 0, one arrives at S^ dS = 0. It is funny that if the gravitational 
constant would be negative, then the entropy also would be negative. 
On the other hand, when the spacetime is asymptotically dS, we have 

S dS = + S dS . (14) 

Here Sq S is a constant of the integration, again. When the spacetime is 
asymptotically de Sitter, the integration constant Sq S may be determined by 
requiring that the entropy S^s should vanish in the Nariai limit ?" 2 s _ bh csm — > 

'dS ■ 

s? = -^r (15) 

Now, one can construct the same BHs in higher derivative gravity. 

General action of D = d + 1 dimensional _R 2 -gravity with cosmological 
constant is: 



S = J d d+1 xV^G jai? 2 + bR^BT + cR^R^ + -^R - A j 



(16) 



When c = which is the case under consideration, Schwarzschild-(anti) de 
Sitter space is an exact solution: 

ds 2 = G^dx^dx 1 ' 

d-l 

= -e 2p0 dt 2 + e- 2p0 dr 2 + r 2 J2 gijd^daP , 
2 1 ( kr d ~ 2 r d \ 
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The curvatures have the following form: 



R — — — ' ~ ~~p2 — • ( 18 ) 

f AdS 'AdS 

In (|I7D, /iAds is the parameter corresponding to mass and the length param- 
eter ^Ads is found by solving the following equation: 

_ d 2 (d + l)(d- 3)a d 2 (d-3)b d(d-l) 
~~ 74 1 75 I272 A . (19) 

'AdS 'AdS ^ 'AdS 

We also assume g>jj corresponds to the Einstein manifold, again. When l\ dS is 
positive(negative), the spacetime is asymptotically anti-de Sitter (de Sitter). 
In the following, we concentrate on the case of d = 4. Then Eq.(^) can be 
rewritten in the following form: 

n _ ,4 12/Ls 80a + 165 
U " /AdS + ^A A 

5 \ 2 36 80a + 166 
/AdS + ^\J ~^A 2 A • (20) 



Therefore if and only if 



36 80a + 166 , , 

+ 1 >0, (21) 



k 4 A 2 A 



there are (real) solutions: 



! £ ± y/% + A(80a + 166) 



^AdS 80a + 166 

Eq.(|2"0"|) tells that the signs of solution l\ dS depend on the signs of k 2 A and 

80a+16fc 
A 

1. When 80a + 166 > and A > or 80a + 166 < and A < 0, one 
solution for Z AdS (20) is positive but another is negative. Therefore 
there are two kinds of solution, the asymptotically AdS spacetime is 
first solution and another one is de Sitter space. 

2. When 80a + 166 > and A < 0, both of two solutions for l 2 AdS fl20|) are 
positive. Therefore these solutions correspond to anti-de Sitter space. 
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3. When 80a + 166 < and A > 0, both of two solutions for l\ dS = — Z dS 
(|20|) are negative. Therefore these solutions correspond to de Sitter 
space. 

Since there always appear two solutions, we now investigate the entropy. The 
entropy can be obtained by regarding the black hole mass as the thermody- 
namical mass. The thermodynamical mass is again obtained by using the 
surface counterterms method ||. If the spacetime is asymptotically anti-de 
Sitter, the (t, t) component of the surface energy momentum tensor has the 
following form for general i? 2 -gravity 

T u_ 3 (I 40a 86 4c \ _ (23) 

4/AdS r6 ^AdS ^AdS ^AdS/ 

The black hole mass M can be evaluated at the 3d surface where t is a 
constant: 

M = J dx z Jjjr*e v T tt (&) 2 . (24) 

Here is a unit vector parallel with the time coordinate t and therefore 
C = e~ v (Ct = e v ) and C = C„ = (ji ^ t). Note y/ge" = Vdet g mn . Then 
for the asymptotically AdS spacetime 



3lj dS V 3 / 1 40a 86 4c \ / 2 16/i AdS \ 
AdS = Ea ^ = —[{— I 3a — 71 72 /a - r + ~T 2 

ID \K l AAS l Ads fAdS/ \ f AdS / 



(25) 



When c = 0, in a way similar to the Einstein gravity case, we can obtain 
the expression for the entropy considering M as a thermodynamical energy. 
When the spacetime is asymptotically anti-de Sitter, the entropy is given by 



VWds-bh ( 8 320a + 646^ , cAdS 

I 2 

L AdS 



S AdS = " ^ i- 2 - p ) + Sr ■ (26) 



Here S" AdS is a constant of the integration. If we assume that the entropy 
should vanish in the pure AdS, we have S" AdS = 0. On the other hand, when 
the spacetime is asymptotically dS, one has the following expressions for the 
thermodynamical energy 



3^3 ( 1 40a 86 4c 



M dS =E dS = ^ -7 + 72- + 72- + 72- 4 --p (27) 



Ifi Ik 2 / 2 I 2 I 2 \ I 2 I 

ru i dS t dS t dS y y i dS j 




16/ids \ 
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and the entropy for c = case, 



^37rr^ s „ csm / 8 320a + 646 



Sds = ^|z= ( « + ) + <jds _ (2g) 



K 



2 ^ 72 



dS 



Here Z dS = — Z AdS . Since the horizon radius r csm corresponds to the cosmo- 
logical horizon, r dS _ csin = £ dS for pure de Sitter space. When the spacetime 
is asymptotically de Sitter, the integration constant Sq S may be again deter- 
mined by requiring that the entropy iS d s should vanish in the Nariai limit: 

sf = _Y^(l + 3200 + 64^ 



Substituting the solution (|22|), we find 



5 AdS ,ds = y37rrAdS 2 bh ' dS - csm f ~ T \/ ^ + A(80a + 166) j + <S AdS < dS 

(30) 

Since the entropy should be positive, the lower sign in (|22D or ( |3~0l) should 
be chosen. Furthermore the condition that the entropy corresponding to the 
lower sign is really positive is 

20 80a +166 

+ 1 >0. (31) 



k 4 A 2 A 

In case that there are both of solutions which have positive entropy and neg- 
ative one, the solution corresponding to negative entropy is unstable. The 
next interesting quantity is the free energy F. By using the thermodynamical 
relation F = E — TS, one obtains the following expression for the asymptot- 
ically AdS spacetime case: 

/ 1 40a + 86 \ M dS _ bh k 3Zj dg fc 2 \ 

- ( + — ^ ) S AdS (32) 

from (§), (U), (|25|) and (^B]). On the other hand, for the asymptotically dS 



spacetime case, using (|), (|H]), (0) and (|28|) one gets 



86\ /r dS _ csm 2 3Z dS 

' dS ~ ~ V 3 I -J -T 72 ~ 72 + r dS-c S m J" 
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(33) 



Then when the entropy vanishes, that is, j% — 40 ^ +8b = (for Sq AS = case) or 
j_ _|_ 40n+86 ^ £ ree ener gy a } so vanishes. Then the negative entropy solution 

dS 

corresponds not to the minimum but to the maximum of the free energy. In 
the path integral formulation, the free energy corresponds to the product of 
the temperature and the action S with the minus sign: F = —TS. Therefore 
the minus entropy corresponds to the minimum of the action. Therefore, this 
consideration indicates that the solution with negative entropy is instable. 

Let us evaluate the action by substituting the classical solution (|i~8|) into 
the expression (|16|) with d + 1 = 5. We first consider about the de Sitter case 
before AdS case. Then 

rP f r dS - csm /400a + 806 20 A ^ 
S dS = V 3 I dt I drr 3 [ - A + - A 



n / I 74 1 ,,.272 

U J ras-hh \ l dS M 



dS 



WVz ( 



40a + 86 1 



2m (2r 



r dS-csm r dS-bhj ,4 + ^2/2 

\ MS K MS, 

1 40a + 86 

dS 



dS-csm Ms) ( 72 ) • (^) 



Here (3 is the period of the time coordinate. In the second line, Eq. (|l~9|) with 
d = 4 and l\ dS = — l\ s is used. In the last line, Eqs. (|7|) and (§) are used. The 

action fl3"4"|) surely vanishes when the entropy vanishes ff :Jy + 40 p+ 8b ^ — o^. 

Since 2r d ! s _ csm — l\ s > 0, the action is positive (negative) when the entropy 
is positive (negative) (the sign in front of the action has been chosen so that 
the partition function Z is given by Z ~ e s ). Therefore the solution with 
negative entropy should be really instable. 

In case that the spacetime is asymptotically anti-de Sitter, the action 
itself diverges due to the infinite volume of the AdS. In order to regularize the 
action, we cut off the spacetime at r = r max and put the surface counterterms 
there |J: 

C _ c(!) , c(2) 
Of, — Jfi T Ofr 
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K 

Sf } = - J d A x^-g^) (771 + 772%)) ■ (35) 

Here #( 4 ) is the metric induced on the boundary and Ru) is the scalar cur- 
vature given by guy is the normal outward unit vector to the boundary 
surface, rji and ^ 2 are constants given by 

6/1 40a + 86 \ , , / 1 40a + 86\ 

" = i= b " ^ri ■ " 2 = HAdS b " ■ (36) 

Then the actions have the following forms: 

S A ds = -2PV 3 (r^ ax - r 4 AdS _ hh ) (-— ^ 40a + 86 \ ^ ^ 

\ K f AdS f AdS / 

S l\ -,>''" — ) I 1 40a + 8 M r 3 

- /?l/ 3 e I g r max 

K f AdS f AdS / 

— + kl AdS R (4) ) . (38) 

AdS / 

Then total action including the surface counterterms vanishes again when 
the entropy vanishes ((-^ ~ 4 °° +8b ^ = 0^. 

The obtained results are summarized in Figure [[J The parameters region 
outside the curve A (80a + 166) + = is presumably forbidden since l\ dS 
becomes complex number there. (Nevertheless, in principle there is possi- 
bility of realization of real well-defined four- dimensional brane even in the 
situation when 5d bulk space has complex curvature). In the region between 
two curves, A(80a + 166) + ^ = and A(80a + 166) + |f = 0, the entropy is 
always negative. As it follows from the action principle these regions are not 
realistic as corresponding solutions are not stable. Asymptotically anti-de 
Sitter (de Sitter) spacetime with l\ dS > (l\ dS < 0) can appear as a solution 
of Eq. (P0"D even if A > (A < 0). These solutions have always negative 
entropy and again are not stable as it was shown above. As a result, as in 
the Einstein theory, the anti-de Sitter (de Sitter) spacetime corresponds to 
the negative (positive) A. 
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80a + 166 




Figure 1: The relation between the parameters and the spacetime structure 
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3 The brane motion and dual CFTs 

Having in mind AdS/CFT and dS/CFT correspondence, one can investigate 
the structure in Fig.|l] from the dual CFT side. For this purpose, we consider 
the motion of the brane in the Schwarzschild-AdS or dS black hole spacetime. 
We call that the brane is time (space)-like if the vector normal to the brane 
is space (time)-like. We now assume the brane exists at r = a(r), where r is 
the proper time on the brane. Then the Hubble "constant" H is defined by 

B = If , (39) 
the motion of the time-like brane obeys the following equation 

h2= p — • (40) 

MS,AdS u 

and that of the space-like brane obeys || 

1 „2p{r=a{r)) 

fl" = pi- + 5-gi— . (41) 

MS,AdS " 

Then in case of the SAdS background @, one obtains 

k /iAdS 

2a 2 a 



H 2 = — H — z~t~ (for the time-like brane) 



2 2 k HAds 



or H = -g h — (for the space-like brane) , (42) 

'Ads a 



and in case of the SdS background ([§) 

H 2 — -fi + ^rr (for the time-like brane) 



MS u u 

or H 2 = — — (for the space-like brane) . (43) 
a 2 a 4 

The above equations can be rewritten in the form of the FRW equation: 



H 2 = — H — - — (for the time-like brane) 



or H 2 = -= 1 — — AdS (for the space-like brane) , 

li dS 2a 2 6 V 

E A dS = ' V = a V 3 (44) 



12 



for the brane in SAdS and 



H 2 — -J — H — -— — (for the time-like brane) 

MS « 6 ^ 



or i/ 2 = — — — (for the space-like brane) 

a 1 6 V 



E* = , (45) 



for the brane in SdS. Here V3 is the volume of the three-dimensional sphere 
with unit radius and K4 is the four-dimensional gravitational coupling. Usual 
choice for effective gravitational constant in higher derivative gravity is 0, [8], 

m 



1 




1 


^AdS | 




40a 


86 


'm 




^AdS 


2 1 




I 2 


^AdS 


or 


1 


1 

^dS 


'dS 
= T 




40a 

+ J2 + 

MS 


86 \ 



(46) 

but Eq.(EBf) can be a convention at this stage. The motion of the brane itself 



does not depend on the explicit definition of n\. Then even if the black hole 
entropy vanishes at \ - #l - #- = or \ + + #- = 0, the motion of 

K *AdS AdS K dS dS 

the brane is not singular. 



By differentiating Eqs.(|44j) and (fig), we obtain the second FRW equation: 

• k\ ( -EyS.AdS . \ , k 2/i ds AdS (Af7 s 

= T {-\r- + ^,AdS j ± ^ , PdS,AdS = • (47) 

Here k = 2 for the bulk dS and the upper sign corresponds to the time-like 
brane and the lower sign to the space-like brane. Since 3pds,Ads = E<is,Ads/V, 
the trace of the energy-stress tensor arising from the matter on the brane 
vanishes, i.e., y matter = q Thus, the matter on the brane can be regarded 
as radiation or, equivalently, as massless fields. In other words, dual field 
theory on the brane should be a conformal theory. 



We now compare the brane energy i?Ads or E^s fl44|) or fl45D with the 5d 
black hole mass fl25T) or (B7l). In case of the bulk AdS, if one subtracts the 



bulk Casimir energy 



3l\ dS V 3 ( 1 40a 86 \ 2 3l AdS V 3 k 2 
^Adsc = -—7— -2-72 72— k = o -.2 > ^ 

10 \K i Ads <AdS/ K AdS 
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from the black hole mass, one gets 



-^Ads — -^Adsc = ~^--^r~E AdS . (49) 

a ^ AdS 

Since i?AdSC is independent of the parameters characterizing the black hole, 
for example, of the radius of the black hole horizon, EAdSC would be proper 
characteristic of the background where the black hole lies. Therefore one can 
regard that i^Adsc should be a Casimir energy of AdS. Since the ratio of the 
time on the brane with the bulk time is given by l - A s m - when the radius of the 
brane is large, it would be consistent the following choice n\ = k\ dS . Then 
when the black hole entropy vanishes at \ — 4^- — -nr- = 0, the energy of the 

K ( AdS AdS 

CFT on the brane also vanishes. And if the entropy is negative, the energy 
is also negative. In the following, we choose n\ = £ A dS f° r the case that the 
spacetime is asymptotically AdS. 

On the other hand, in case of the bulk dS, even if we subtract the bulk 
Casimir energy 

3l 2 dS V 3 ( 1 , 40a , 8b\ _ MisVs J. 

^AdS 




E dSC = + — I - ) = ^ — - (00) 

from the black hole mass, we find 



J K 2 

Eds — E dSC = — —-^-E dS . (51) 



a K dS 

Therefore there is a difference in sign. Then we should not identify the energy 
of the CFT on the brane with E d $ but with 

E dS = ~E dS • (52) 

For this choice, we may choose k\ = k^ s . Then when the black hole entropy 
vanishes at + jr 1 + jr- = 0, the energy of dual CFT on the brane also 

K 'dS dS 

vanishes. When the entropy is positive (negative), the energy is also positive 
(negative). In the following, we choose k\ = R dS for the bulk dS. 

In case of the bulk AdS, one assumes that the total entropy £>AdS of the 
CFT on the brane is given by Eq. ( p6|) with S$ dS = 0. Then if this entropy is 
constant during the cosmological evolution, the entropy density SAds is given 
by 

^Ads 87rrj dg _ bh 
SAdS = ^rr = • (53) 



a 3 V 3 ^Adsftids a3 



14 



If we further assume that the brane temperature T differs from the Hawking 
temperature TAds-bh © (the expression does not change for the i? 2 -gravity 
with c = 0) by the factor ^Ads/S, one finds 

m ^AdS^ ?"AdS-bh . ^AdS ft . A \ 

i = — — JAdS-bh = — ~, h -—z (54) 

a nal A ds 47rar A dS-bh 

and, when a = rAds-bh, this implies that 

1 k 

Uds 47rr| dS _ Ul 



T = ~, + 1—2 ' ( 55 ) 



If the energy and entropy are purely extensive, the quantity E^&s + £>Ads^ — 
TS^ds vanishes. In general, this condition does not hold and one can de- 
fine the CFT Casimir energy .EAdsc (we should distinguish it with the bulk 



Casimir energy (f48|)) as [14 



-^Adsc = 3 (-^Ads + PaasV - TS A ds) • (56) 

Then 

~ 6fcr AdS _ bh y 6/cr AdS _ bh V 3 

-C^AdSC = — A = 2Z • {?() 

If the black hole entropy vanishes at , 2 2 = 7 — %* — = \ — 4^- — -M- = 0, 

^ J AdS K 4 ^AdSKlds ^ « AdS 'Ids ' 

the Casimir energy of the CFT on the brane also vanishes. Furthermore, 
when the black hole entropy is negative, the Casimir energy is negative (pos- 
itive) if k > (k < 0). When k 7^ 0, we also find that 



^AdS — ( 7== I -^AdSC (2-EAdS — -^Adsc) • (58) 

V3vW v 1 

This is the form of Cardy-Verlinde formula in AdS higher derivative gravity 
under consideration. 

In case that the bulk is dS, the above arguments should be modified. 
First one needs to assume that the total entropy of the CFT on the brane is 
not given by Eq. fl28|) but by the black hole (not cosmological) horizon area 




6 as - — • ( 5y J 



15 



We also assume that the temperature T on the brane is given, in terms of 
the black hole (not cosmological) horizon radius, by 

T = — T d s_bh = -, h 7; ~ • (60) 

a nalds 27rar dS _ bh 

Then the CFT Casimir energy -Edsc defined by 

3(E dS +p dS V-TS p dS ) . (61) 

has the following form 

p _ 12r dS-bh^ (ao \ 
EdSC ~ fit* ■ (62) 

If the black hole entropy vanishes at = = ^ + ^ + #- = 0, the 

Casimir energy of the CFT on the brane also vanishes. One also arrives at 
Cardy-Verlinde formula in dS brane-world 

(S d P s) 2 = (^) 2 ^sc (2^ds - ^dsc) • (63) 

The above formula (|63| ) seems to be identical with the corresponding ex- 
pression ( j58|) for AdS bulk since \k\ = 2. Nevertheless, the meaning of the 
entropy and the energy seems to be different. In case of SAdS, these quanti- 
ties correspond to those of the whole spacetime of SAdS but in case of AdS 
they only correspond to the quantities proper for the black hole. 

If, instead of Q59|) and (0), we define the entropy and the temperature 
in terms of the radius of the cosmological horizon: 



C- ^dS-csm^S _ldS rp _^dS-csm Us / fi/| s 

ZdS«ds a 7ra/ dS 2ixar dS _ 



■CSlll 



where S dS corresponds to Eq. (|2"8f) with Sq S = 0, then by using E d $ in ([52]) 
instead of E d $, the Casimir energy has the following form: 

^dsc = 3 (^s + PdS V - TO^) = - l2r f 2 zf • (65) 



Then, one gets 

(^s) 2 = l^f) ^dsc (2^ds + Else) ■ (66) 



2vra\ 2 
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The sign in front of -E^sc in the last factor is different from fl63|). However, 
the physical meaning of this relation is not clear. The conjecture could be 
that there are two types of dual CFT for SdS BH. 

Thus, in this section it is considered the brane motion on (A)dS bulk and 
it is found the relation between energy, Casimir energy and entropy of dual 
CFT. 



4 Discussion 

In summary, the investigation of thermodynamics of five-dimensional (A)dS 
BHs in higher derivative gravity is presented. Entropy, free energy and mass 
(thermodynamical energy) for (A)dS BHs is evaluated and their properties 
are discussed. It is shown that there exists the parameters region where the 
effective gravitational constant is getting negative (zero) and, as a result, 
the entropy becomes negative (zero) too. The arguments based on least 
action principle are given that negative entropy BHs are instable and their 
creation is highly suppressed. It is interesting to note that there exists RG 



interpretation for classical solutions of higher derivative gravity [15]. It could 
be that negative entropy BHs are not stable also from the point of view of 
holographic RG. 

The motion of time (space)-like branes in SAdS or SdS BH background is 
considered. The corresponding equations of motion are presented in FRW- 
form. The brane motion is not singular even when effective gravitational 
constant (BH entropy) is zero. It is demonstrated that dual QFT for higher 
derivative gravity model under consideration is CFT. Moreover, when BH 
entropy is zero the brane CFT energy is also zero. Finally, Cardy-Verlinde 
formula relating energy, entropy and Casimir energy of dual CFT is written 
in case of SAdS as well as SdS BHs. 

Our study indicates that there are deep similarities between SAdS and 
SdS BHs and corresponding dual CFTs living on the branes. In particu- 
lary, Cardy-Verlinde formula looks the same in both cases, the BH entropy 
may be negative (zero) in both cases, etc. In this sense, our study provides 
further support to dS/CFT correspondence. As (A)dS BH thermodynam- 
ics is well- described here even in higher derivative gravity case, the natural 
next problem is the investigation of the properties of dual CFT. This will be 
discussed elsewhere. 
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